State Estimation for Robotics. Final Exam

TU Berlin WS 2021/22.
Chair: Robotic Interactive Perception.
February 24, 2022

Student name:

“Closed books” (no slides, no cheat-sheet, no source code). No (smart-)phones. No Google search

Honor code: I herehy certify that T have not given or received aid in the examination:

1. (5 pts) Between a rock and a hard place. Mark all that apply:
\/ Pﬂ Rotations have three degrees of freedom.

(b) Rotation matrices have three constraints.

(c) There exists at least one parametrization of rotations free from constraints and sin-
gularities.

(d) The rotation vector ¢ = ¢a used to define the Lie algebra is free from singularities.

2. (5 pts) The set of all rotations forms:

(a) a vector space
(b) a commutative ring
‘/ 3| a matrix Lie group

(d) a matrix Lie algebra

3. (5 pts) The set of rigid body motions, SE(3), is called the special Euclidean group of
dimension 3 because:

JaJ matrix multiplication is the operation of the group.
£ rigid body motions preserve Euclidean distances and angles in 3D space.

(c) the determinant of the top-left sub-matrix of T° has positive determinant.
—7 (d) all other answers are correct.

4. (5 pts) The Lie algebra associated with SO(3) is given by the set of 3 x 3 skew-symmetric

matrices. If ¢ = (¢1, ¢2, ¢3) ", what is the form of the hat / lift operator?
(Hint ¢"a = ¢ x a for all a € R3).
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5. (5 pts) Given two poses, each with associated uncertainty {T1, %1}, {Ts, £}, what are the
mean and covariance of the compound pose {T,X}?
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6. (5 pts) The interpolation between two points a,b € R™ in a vector space is given by
the convex combination x(u) = (1 — u)a + ub, with interpolation parameter u € [0,1].
Hence, x(0) = a, x(1) = b and, e.g., u = 1/2 produces the midpoint between a and b:
%(0.5) = (a+b)/2. Given two poses Ty, T5, which formula(s) is / are correct to interpolate
poses between T, and 7,7

(a) T(u) = (1 —u)Ty + uTp
X M T(u) = exp ((u In (Ta‘ 1Tb)v)/\> T Mw) = Ta ""'i b1 l + T,
(c) T(w) =TE 1

> (d) T(u) = Taexp ((u In (T;lTb)v)A) T(4) =T,

7. (5 pts) The Baker—-Campbell-Hausdorff (BCH) formula... (mark all that apply)

J M Is the solution for Z to the equation eXeY = eZ for possibly non-commutative X and
Y in the Lie algebra of a Lie group.

(b) TIs the the name of the formula for interpolation between elements eX,e¥ in the Lie
“ group given in terms of the X and Y elements in the corresponding Lie algebra.

/ Gives an equality of how much In (eXe") differs from X + Y, for X and Y in the Lie
algebra of a Lie group.

K Gives an approximation of how much In (ex eY) differs from X + Y, for X and ¥ in

the Lie algebra of a Lie group.

/8. (5 pts) Using the exponential map show that the rotation of the 3D point v = (1,0, 0)7 by
v a rotation of angle 3 around the Z axis is approximated by the point v/ = (1,03,0)" on
the line X = 1. You may draw a diagram to help you reason about the two components of

the approximation. '
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9. (10 pts) Letting C = exp(t!JA)Cop, where 1) is a small perturbation applied to an operating
“point” (rotation matrix) C, a 3D point v, and u : R3 — R differentiable, obtain a linear
expression for u(Cv) in terms of the vector 1. Please specify all steps taken.
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10. (10 pts) Suppose that C = exp(¢")C, with ¢ ~ A(0,1). Calculate the following:
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11. (20 pts) The Extended Kalman Filter (EKF) applied to the estimation of a rotation is

AS described by equations:
Py =Fr P Fl_ + Q) (1)
Cr =F1_1Ci—1 (2)
K, = iG] (G:P,G[ +R})™ (3)
P = (1 - KpGy)Ps (4)
Cr = exp ((Ki(yr — ¥1))") Cx, (5)

with Fr_; = exp(Atgwy), which allow us to compute (Cg, Py) from (Cj_1,Pr_;) using
input angular velocity wi and measurement yy.

(a) What are C,P, F,G,K,Q’',R'?

(b) Please name each equation and describe what it does / represents.

(c) Which equations change with respect to the EKF in vector spaces? Why?

(d) Which operations happen in the Lie group? Which ones in the Lie algebra? Why?
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12. (20 pts) Some Simultaneous Localization and Mapping (SLAM) approaches tackle the
prablem in a “parallel tracking and mapping” (PTAM) fashion, that is, by using two workers
(i.e., threads). One worker is responsible for building a map of the environment while the
other one is responsible for localizing the sensor (e.g., a camera). BEach worker uses the
output of the other one as input, in addition to the input data (i.e., video). Let us consider
the case of the “localization” worker, also called “tracker” (becanse it tracks the motion of
the sensor with respect to the map). These workers often pursue the goal of finding the
pose T that minimizes an objective function J(T). Let

1 1 L
J(T) = §“e(T)||%v = EBTW le

where e represents and error / residual vector (such as pixel coordinates, 3D coordinates,
photometric error, etc.) and W' a constant weighting matrix.

Describe how the Lie-Theory flavored Gauss-Newton method deals with this minimization loesl =
problem: all steps taken to find T* (the optimal T'). Please be specific (unambiguous) ¢
about the steps and notation (exponentials, perturbations, gradients, Hessian, etc.), and o
about what operations happen in the Lie algebra and which ones in the Lie group. How /

does the method guarantee that the solution satisfies the constraints of a pose?
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